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STRICTLY IRREDUCIBLE *-REPRESENTATIONS
OF BANACH *-ALGEBRAS())

BY
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ABSTRACT. In this paper strictly irreducible *-representations of Banach
*-algebras and the positive functionals associated with these representations
are studied.

Introduction. Let A be a Banach *-algebra, and let a — n{a) be a represen-
tation of A on a Hilbert space H. A subspace X CH is n-invariant if ma)K
cK for every a € A. The representation 7 is irreducible if 7 is nonzero and
the only closed 7-invariant subspaces of H are H and {0}. 7 is strictly irreduc-
ible if 7 is nonzero and the only m-invariant subspaces of X are H and {0}. In
the case where A is a B*-algebra, R. V. Kadison proved the remarkable result
that every irreducible *-representation of A is strictly irreducible [6, Theorem 1].
Aside from this theorem of Kadison, there are only a few minor isolated results
concerning strictly irreducible * representations of Banach *-algebras. In this
paper we study strictly irreducible *-representations and certain positive func-
tionals associated with these representations which we call strictly pure states
(a positive functional a on A is a strictly pure state if a is a pure state and the
*-representation of A determined by « is strictly irreducible). We give necessary
and sufficient conditions that a pure state of A be strictly pure in §2. n §$3
and 4 some of the special properties of strictly pure states and strictly irreduc-
ible representations are presented. In $5 some examples of Banach *-algebras
with the property that every irreducible *-representation is strictly irreducible are

provided.

1. Notation and preliminaries. Throughout this paper A denotes a Banach
*-algebra. A linear functional a on A is positive if ala*s) > 0 for all a €A.
When a is a positive functional on A, let

|a(a)| ?

a(a*a)

€A, ala*a) £ 0%.

M(a) = sup %
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The set of all positive functionals @ on A with the properties ala*) = ola) for
all a€ A and M(a) <+ =, we denote by ?. ?1 is the set of all a €% with
Mla) <1. Let A, be the real linear space of hermitian elements of A. ?l is a
convex subset of A:, the dual space of A,, and ?1 is compact in the weak *-to-
pology on A} (see [4, Theorem (21.33), p. 328]). The extreme points of F, are
called pure states. For a € 9), the left kernel of @, denoted K ,, is the set of
all a € A such that ala*a) = 0. K, is a closed left ideal of A. The quotient
space A — K, is a pre-Hilbert space in the inner-product (a + K_, b + K,) =
a(b*a). Let }(a denote the Hilbert space which is the completion of this pre-
Hilbert space. A *-representation a — ﬂa(a) of A on }(a is constructed by first
defining 7 (a)(b + K )= ab + K for b + K, € A~ K, Then 7 {a) is a bounded
operator on A — K, which extends uniquely to a bounded operator on }(a (also
denoted by 7 (a)). For details of this construction see the proof of Theorem
(21.24) in [4). It is a well-known theorem that a € ? is a pure state of A if and
only if M(a) =1 and the *-representation m, is irreducible on ]‘(a [4, Theorem
(21.34), p. 328]. We define a €? tobea strictly pure state of A if @ is a pure

state of A and @ — 7 (a) is strictly irreducible on Ha.

When X is a normed linear space with norm || - || and Y is a closed subspace
of X, then the quotient norm “Hq on the quotient space X — Y is defined as
usual by

llx+ Yl = inf ]lx - yll |y € Y}

H is always a Hilbert space and B(H) is the algebra of all bounded operators
on H.

2. Necessary and sufficient conditions for a pure state to be strictly pure.
When a € P, the quotient space A — K, is an inner product space with inner product de-
fined by (@ + K, b+ K,) = alb*a). Let la+K,|,=(a+K_,a+ K)*% =
ala*a) %, We prove that a pure state @ of A is strictly pure if and only if A — K

is complete in the norm |a + K |, .

Theorem 2.1. Assume that A is a Banach *-algebra and that o is a pure state
of A. Then a is a strictly pure state of A if and only if A - K is complete in
the norm la + K |, = ala*a)”. Also when a is a strictly pure state of A, then

K, is a modular maximal left ideal of A.

Proof. Assume first that a is a strictly pure state of A. By the construc-
tion of H , A~ K _is an invariant subspace for 7 {a) whenever a € A. Then
}(az A - K, sothat A - K_ is complete in the norm |a + Kalz'

Conversely assume that A — K is complete in this norm. We prove first
that the two norms | - | , and I ~||q are equivalent on A — K. By the Closed Graph

Theorem it suffices to prove that | - Hq dominates |-|,. This is exactly the same
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as proving that the identity map @ + K, — a + K, is a continuous map from
(A-K, -l q) onto (A - K |-],). Again using the Closed Graph Theorem, it
suffices to show that this map is closed. Therefore assume that {ani CA, a€A,
lla, + Kallq —0, and |(a, —a) + K|, 0. Then there exists a sequence {k } C
K, such that [la, + & || — 0. Therefore |a*a, +a*k | — 0, and this implies
ala*a ) = ala*a_ +a*k,)) = 0. Butalso |ala*(a, -a))| = |((a, —a) + Ky a + K)
<la, -a)+ Ko, la + Kj], = 0. Therefore ala*a) = 0, so that a+K,=0.

Now define a functional @ on the Hilbert space }(a= A-K, by ala+K) =

ala). Since K, is contained in the null space of a, ‘a is well defined. Also,

|oda)] 2

a(a*a)

132 = sup e, alad 4 oi M- L,

Since A - K, is a Hilbert space, there exists v €A such that ‘ala + I(a) =
(@ +K gy v+ K) = alv*a) for all a € A. Therefore ala) = a(v*a) for all a € A.

Given any a €A,
al(a(l - )*a(1 - ) = ala*a(l - v)) - alv¥a*a (1 -2)) = 0.

Therefore A(1-v)C K, so that K, is a modular left ideal. Let K be a maximal
left ideal of A such that K,C K. Set M ={b + K| b€ K}. M is a proper 7 -invar-
iant subspace of ]‘(a= A - K, Furthermore M is -1l q-closed. Therefore by the
result of the previous paragraph, M is |-|,-closed. It follows that K, = K. Then
since K, is a maximal modular left ideal of A, ﬂa(A) acts strictly irreducibly on
He=4-k,

Every Banach *-algebra A has an algebra pseudonorm called the Gelfand-
Naimark pseudonorm. We denote this pseudonorm by |a|, @ € A. This pseudonorm
has the properties:

(1) |a*a| = |a|? for all a €A.

(2) |ala)| < M(a)|a| whenever a€?, acA.

(3) The *-radical of A is the set of all @ €A such that |a| = 0. See [8, p.
226] for the details of these results. We prove next that a pure state a of A is

strictly pure if and only if |a + Ka|q =infl|a + k|| k€ K,} is a complete norm on
A-K,

Theorem 2.2. Let |-| denote the Gelfand-Naimark pseudonorm on A. Then
a pure state o of A is strictly pure if and only if |a + Ka|q is a complete norm
on A -K,

Proof. For convenience we assume in the proof that A is reduced (i.e. the
*-radical of A is 0). This assumption can be made with no loss of generality.
In this case |-| is a norm on A with the B*-property by (1) and (3) above. Let
B denote the B*algebra which is the completion of A in the norm |-|. Let a
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be a pure state of A. By (2) above a is |-|-continuous. Therefore @ has a
unique extension d to B. Itis easy to verify that disa pure state of B.

Now assume that @ is a strictly pure state of A. Let cl(K) denote the
|- |-closure of K, in B. If cl(K) # K., then by [8, Theorem  (4.9.8), p. 251
there exists a pure state B of B with cl(K 2 C K~ and Q4 B Let 8 be the
restriction of B to A. K, C K,B and therefore K, Kﬁ By a result we prove in
the next section, Theorem 3.2, it follows that a = 3. But then x = B, a con-
tradiction. Therefore cl(Ka) = Ky . By Kadison’s theorem d isa strictly pure
state of B. Then as noted in Theorem 2.1 there exists M >0 such that

Ma (5*b) % >+ K’&‘Iq for all b€ B.
Also using (2) above we have, for a €A, k€ K,
|a + Kal2 = al(a+ B)*a+ k)% <|(a+ B*a+ k)|%=|a+ k.
Therefore |a + K f, < |a + K| o Then forall a €4,
Ma+K,|,= M3 (a*a)% > |a + K|, =la+ Kolg2la+ Kol

The norm |a + Kal , is complete on A — K, by Theorem 2.1. Therefore la + Kalq
is a complete norm on A - K.

Conversely assume that |a + Kalq is a complete norm on A — K. Given
b €K, choose 6,1 CA such that |6, - 6| = 0. Then |(6, - b )+ Kalq -0
as n, m — + 0. Therefore there exists @ € A such that I(b -a)+ K |q — 0,
Choose tk } C K, such that |6, —a+k |— 0. Then |b-a+k,|— 0, so that
b-ac cl(K o+ It follows that a*b — a*a € cl(K ), and therefore that a(a*b - a*a)
=0. But a(a*b) =0, since b€ Ko - Then a(a*a) =0, so that a € K,. Therefore
b € cl(K). We have now shown that Ky = cl(K). We have |a + K I >la+ K,
for all @ €A just as before. By Kadison’s theorem A isa stnctly pure state of
B. Then by Theorem 2.1 there exists m >0 such that |b + K > mlb + K,\,I
for all b € B. Therefore for all a €A,

&lz

la+ Kol 2la+ K, |,=la+ K—;|22m|a+ Kn|g=mla+ K|,

It follows that |a + K |, is a complete norm on A — K,, and therefore a is
strictly pure by Theorem 2.1.

3. Results concerning strictly pure states and strictly irreducible represen-
tations. The relationship between a pure state and its left kernel has never been
fully explored in a general Banach *-algebra. In fact to our knowledge none of
the following questions have been answered when A is a Banach algebra with
hermitian involution.

Question 1. If a is a pure state of A, is K, a maximal left ideal of A?

Question 2. If a and B are pure states of A and K, = K,B' does a=f3?
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Question 3. If a €®P, M(a) =1, and K, is a maximal left ideal of A, is a
a pure state of A?

We add to this list another closely related question.

Question 4. If a — nla) and a —Yla) are two algebraically equivalent irreduc-
ible *-representations of A on respective Hilbert spaces, are 7 and y neces-
sarily unitarily equivalent?

The answer to all these questions is affirmative when A is a B*-algebta. In
this section we deal with special cases of these questions. To begin with,
Theorem 2.1 states that when a is a strictly pure state of A, then K, is a
modular maximal left ideal of A. This answers Question 1 in the case when a is
strictly pure.

Next we prove a result which easily settles Question 2 if a or 3 is
strictly pure. Kadison proves in [6] that when a is a pure state of a B*-algebra,
then JUa) = K, + K%, where JI(a) is the null space of . We have the following

generalization.
Proposition 3.1. If a is a strictly pure state of A, then JU(a) = K, + K*,

Proof. Since M(a) =1, then |ala)|? < ala*a) for all @ € A. Therefore K,C
J(a), and it follows that K, + K*;C Jla). Now we prove the reverse inclusion.
By Theorem 2.1, K, is a modular left ideal of A. Therefore there exists u € A
such that A(1 - 2) C K, When a €Jl(a), then a* €)(a), and (x + K, a+ Ka) =
ofa*u) = ala*u - a*) =0. Thus u + K, is orthogonal to a + K_in A - K =},
ﬂa(A) is a *-subalgebra of B(H a.) which acts strictly irreducibly on }(a' Let B
be the closure of ﬂa(A) in the operator norm. By the transitivity theorem [3,
Théoréme (2.8.3)] there exists T€B, T = T*, such that T(uz + Ka) =0 and
T(a + K) =a+ K, Then there exists {v,} CA such that v_=v* forall n and
|7 {v,) = T| = 0 where |-| denotes the operator norm. Therefore |v (u + K))|,
— 0 and |(vna -a) +KJ],— 0. Also v, = vn(l —u) + v u and v (1 -u) €K,
for all n. Then |v, + K|, — 0, and finally |a*v_ + K|, — 0. From the proof
of Theorem 2.1 it follows that [la*v  + K|, — 0 and (v, - a) + K]l /= O.
Assume for the moment the * is continuous on A. There exists {kn}, {]"} CK,
such that [a*v_ -k || =0 and |[(a - v,@ —j ll 0. Then [la-(_ +k¥)| <
lv,a-k4| +ll(a - v,a) —j |l = 0. Therefore in this case J(a) =K, vK% In
the general case, let P be the kernel of the representation 7, A/P is a
semisimple Banach *-algebra. Note that P, C K, N Kt' Define @, on a + P, €
A/P by ayla + P) = ala). Then a, is a strictly pure state of A/P, By
Johnson’ s theorem [5, Theorem 2] the involution on A/P, is continuous. There-

-
fore T((ao) = Ka0 + Ka0 by our previous argument. Then when @ €JU(a), there
exists {k_}, {j } C K, such that [[(a - (k_ + ;%) + Pll,— 0. Then there exists
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{pn} C P, such that |la - (kn +p,+ ]:)II — 0. This proves the proposition.
We are now in a position to answer Question 2 affirmatively when a is

assumed to be a strictly pure state of A.

Theorem 3.2. Let a be a strictly pure state of A. Assume that B € P,
M) =1, and K,= Ks. Then a=p.

Proof. Kg + K73 CN(B). Therefore

N(a) = K, + K% = K+ K5C N(P).

It follows that there is a scalar A >0 such that a =A 8. Then 1 = M(a) = AM(B)
= A

The next theorem answers Question 4 in a special case.

Theorem 3.3. Assume that { and K are Hilbert spaces, and a — nla) and
a — Ya) are strictly irreducible *-representations of A on H and K respectively.
Then if w and y are algebraically equivalent, then w and y are unitarily equiv-

alent.

Proof. By hypothesis there exists a linear operator V which maps Kina
one-to-one manner onto X with the property that V! 7{a) V = y{a) for all a € A.
Take £€K with || €]l = 1, and set ala) = (Yla) £,€) for a € A. By [8, Lemma
(4.5.8), p. 217] the representation y is unitarily equivalent to 7, on }(a. Also
Ma) = || €)% =1 by [4, Theorem (21.25), p. 323]. Then a is a strictly pure state
of A by [4, Theorem (21.34),p. 328l. Now set n = V(§)/||V(§||. Define Bla) =
(m(a) n, n) for all a € A. By the same argument as just applied to a, 3 is a

strictly pure state of A, and g is unitarily equivalent to 7. Then

acK, ®y@é=0<y@ WV -y =0
<V U r(an) =0 S (=0 ac K,

Thus K, = K/3’ and it follows from Theorem 3.2 that a = 8. Then 7, = g, SO
that 7 and y are unitarily equivalent.

To conclude this section we consider an answer to Question 3 when A has a
very special property. We hypothesize that every maximal left ideal of A is the
left kernel of a strictly pure state of A. In this case assume that @ is as in
Question 3, that is, a € ?, M('a)'= 1, and K, is a maximal left ideal of A. By
the special hypothesis on A there is a strictly pure state 3 of A such that
K,B = K, Then by Theorem 3.2, a = 3. We state this result as a proposition.

Proposition 3.4. Assume that every maximal (modular) left ideal of A is
the left kernel of'a strictly pure state of A. When a€®, Ma) =1, and K, is a
maximal (modular) left ideal of A, then  is a strictly pure state of A.
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4. Irreducible representations which are similar to *-representations. Let
a — n(a) be a strictly irreducible representation (but not necessarily a *-represen-
tation) of A on a Hilbert space H. If £€H, £#0, then a straightforward alge-
braic argument proves that K, = la € A| n(a)¢ = 0} is a modular maximal left ideal

of A. We show in the next theorem that when K¢ is the left kernel of a strictly
pure state & of A, then 7 is similar to a *-representation of A on K.

Theorem 4.1. Let a — a(a) and K be as above. Assume that a is a strictly
pure state of A with K, = Kg. Then there exists a *-representation a — p(a) of
A on X and a positive operator V € B such that, for all a €A,

7(a) = V- 1p(a)V.

Proof. Since 7 is strictly irreducible, @ —ma)¢ is a linear map from A onto
H. We define a sesquilinear form [-,-] on H x K by

[#(@)& 7(B)E] = alb*a),
a, be€A. Whenever c €K, and d €A, then ald*c)=0. This implies that [-,-]

is well defined.
Next we prove that [-, -] is a bounded form. By a theorem of B. E. Johnson
[5, Theorem 1, p. 537} 7 is a continuous map of A into BH). If ke Kg’ a€A,

lz(a¢ll = 7(a+ BEN < |l €] [|a+ &].

Therefore for any a € A,

1) (@& < llalf €l lla+ Kell 5

Then by the Closed Graph Theorem there exists N >0 such that, for all a €4,
) la+ K, < N|7(a&].

As shown in the proof of Theorem 2.1, the norms |- |2 and ||-|| are equivalent

on A - K,. In particular there exists | >0 such that [a+ K |, < J|la + Ka"q for
all @ € A. Therefore for all a, b €A,

3) la(e*a)| = [(a+ K, b+ K )| < J¥la+ Kol e+ Kol

Then combining (2) and (3) we have

lz(a)¢ 7(B)€]] = |a(t*a)| < JPa+ K | 16+ Kl < 2N |a (]| |7 (DY

This proves that [-, -] is bounded on H x K.

The form [-, -] is a symmetric, positive definite, bounded sesquilinear form
on H x {. Therefore there exists an operator U € B(H) such that U= U*, U >0,
and [¢, ] = (Ug, ¢), when ¢, ¢ € H.

By (3), forall a €A,

(la+ K| 2)2 = a(a*ad) < J¥(Jla + Ka"q)z'
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By the proof of Theorem 2.1 there exists P >0 such that, for all a € 4,

||la + K,llg<Pla+ K|,
Given a € A, set ¥ = n(a){. Then by (1),

Il = l=(@&ll <fimll 1€l e+ K ll -
Set M =|z|| |£|P. Then

I ll? < MA(a+ K, | )2 = M2a(a*a) = M2(y, ¢).

Therefore
)2 < MAyp, 1l = M2 (UY, ) <MY Ug |l

Finally || < M?|U¢|l, and this proves that U~1 € B ().

Now set V = U%. Then [, Yl =(Ve, V) forall ¢, ¥ €. Let pla) =
va)V~1, a€A. Given Y, e H, there exists b b, eX and a,, a,€A
such that

Y,=V¢; and ¢,=nla)é, i=1,2.
Then
(pl@y, ¥,) = (Va(aV=1ve , Ve)
=[n(a¢ , ¢,l = [7(d)n(a )¢, n(a )]
= ala¥(aa ) = al(a*a)*a))
=[n(a VE n(@®m(a)él =4, n(a*)g,]
= (Vg |, Val(a*)g ) = (Vo ), Va(a)V=1Ve ) = (4, p(a¥)y.).
Therefore p(a*) = pla)* for all @ € A which completes the proof of the theorem.

Corollary 4.2. Assume that every modular maximal left ideal of A is the
left kernel of a strictly pure state of A. Let a — nla) be a strictly irreducible
representation of A on a Hilbert space H. Then there exists a *-representation
a —pla) of A on H and a positive operator V € BH) such that, for all a €A,

w(a) = V- lp(a)V.

5. Some examples. When A is B*algebra, then A has the following two
properties:

(I) Every pure state of A is strictly pure.

(II) Every modular maximal left ideal of A is the left kernel of a strictly
pure state of A.

Also when G is a compact topological group and 1 < p < + =, then
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A = L?(G) (or C(G), the continuous functions on G) has properties (I) and (II).
Here the multiplication is, as usual, convolution. All the irreducible *-representa-
tions of A in this case are finite dimensional. In this section we present two
examples of algebras which have properties (I) and (II), but which are not in gen-
eral B*algebras, and which need not in general have any finite dimentional
*-representations.

Example 5.1. Let A be a Banach algebra which is also a dense *ideal in
a B*-algebra B. Any full Hilbert algebra is a particular example of such a Banach
algebra; see [1].

Assume that @ — ma) is an irreducible *-representation of A on a Hilbert
space H. Then as shown in [1, Proposition 4.1] 7 extends uniquely to a *-repre-
sentation b — 7(b) of B on H. Therefore by Kadison’s theorem 7(B) acts
strictly irreducibly on H. Since A is a dense ideal of B, @A) = 7(A) is a non-
zero ideal in 7(B). Given £ €H, m(A)¢ is a 7(B)-invariant subspace of X.
Therefore m{A)¢ = H, so that @ — m{a) is strictly irreducible on }. It follows
that A has property (I).

Now assume that M is a modular maximal left ideal of A. Then there exists
u €A such that A(1 —2) CM. Let N=1{beB| bueM} N is aleft ideal of B and
M=N N A. Furthermore if b €B, b(1 — w)u = bu(l — u) € M since bu€A. There-
fore N is a proper modular left ideal of B. By [8, Theorem (4.9.8), p. 251] there
exists O a pure state of B with N C K. . Then M= Ko N A. It follows that
a, the restriction of dto A, isa strictly pure state of A with K, = M. We have
shown that A has property (II).

Example 5.2. Assume that Q is a compact Hausdotff space and B is a B*-
algebra with identity e. Let C(Q, B) be the algebra of all continuous B-valued
functions on . C(Q, B) is a B*algebra with identity. Assume that A is a
Banach algebra which is a *-subalgebra of C(f, B) containing the identity. We
also assume that A has the properties:

(1) Given w€Q and b € B, there exists f € A such that f(w) = b.

(2) f €A is left invertible in A if and only if /'(w) is invertible in B for all
w €

We mention a specific example of such an algebra A: Let {2 be the interval
[0, 2] with O and 27 identified and with the usual topology. Let B be any
B*-algebra with identity. We define A to be the algebra of all functions of the

form
+o00

() = Z ae™
n= — 00
where t € and fani is any sequence in B such that 2:::__00 ||an|| <+ . When
f(8) = 2::_“, ae™, lec |fll = 3t lla,l- The algebra A is discussed by

n=-—00
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Bochner and Phillips in [2]. That A has property (2) above is the assertion of
[2, Theorem 1, p. 409]. The rest of the required properties of A are easily veri-
fied.

Now assume that A is any Banach *-subalgebra of C(€, B) which contains
the identity and satisfies (1) and (2). When w € Q and N is a maximal left ideal

of B, we define
K(w, N) =t{f€ A| f(w) € N§.

It is not difficult to see that K(w, N) is a maximal left ideal of A. We prove the
converse of this. Assume that M is a maximal left ideal of A. For any w €4,
M(w) = {f{w)|f € M} is a left ideal of B. Suppose that Mlw) = B for all w € .
Then for each w € , we can choose a function €, €M such that gw(w) =e.
Therefore there exists an open set U in {} such that ® € U and gw(y) is invert-
ible in B forall y€U,. Then (g} ga)(y) is invertible in B for all y €U .

wyr o Uy for Q. Set =27 _, 8%,8u, €M When
b, €B, h,>0, 1< k<n and b]. is invertible for some j, then h, +---+h_ is

Choose a finite cover U

invertible (this is easy to verify when the b, are positive operators on a Hilbert
space, since the lower bound of the numerical range of the sum hy+:--+b is
greater or equal to the lower bound of the numerical range of h]-). But then for all
y €4, /(y) is invertible in B. By (2), [ is then invertible in A, which contra-
dicts the fact that f € M. It follows that for some w € (), M(w) is a proper left
ideal of B. Then there exists a maximal left ideal of B such that M(w) C N.
Therefore M C K(w, N), so that M = K(w, N) by the assumption that M is maximal.
Given M a maximal left ideal of A, then as we have shown above M = K(w, N)
for some w €€} and some maximal left ideal N of B. Choose 3 a pure state of
B such that K5 =N. Define @ on A by o{f) = B(fw)), f€A. Then K=
K(w, N) = M. It is easy to verify that the norm |f + K| ) = a*N% is a complete
norm on A — K,. Therefore o is a strictly pure state of A. This proves that A
has property (II).
Now assume that a is a pure state of A. Then by [3, Lemma 2.10.1, p. 50}
a has an extension to a pure state 3 of C(Q, B). By [7, Corollary, p. 337] there
exists a point @ € {) and a maximal left ideal N of B such that Kg= {f e C(Q, B)|
flw) € N}. Therefore K = KgnAs= K(w, N). It follows that a is a strictly pure
state of A by Proposition 3.4. Therefore A has property (I).
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