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STRICTLY IRREDUCIBLE »-REPRESENTATIONS

OF BANACH »-ALGEBRAS^)
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ABSTRACT. In this paper strictly irreducible »-representations of Banach

»-algebras and the positive functionals associated with these representations

are studied.

Introduction.   Let A   be a Banach »-algebra, and let a —» Aa)  be a represen-

tation of A   on a Hubert space K.   A subspace   X C H  is 77-invariant if nia) X

C X   for every   a £ A.    The representation  27 is irreducible if n is nonzero and

the only closed  77-invariant subspaces of K  are K  and  Í0i-   n is strictly irreduc-

ible  if   27   is nonzero and the only  77-invariant subspaces of H  are H  and ¡0¡.   In

the case where A   is a B*-algebra, R. V. Kadison proved the remarkable result

that every irreducible »-representation of  A   is strictly irreducible [6, Theorem l].

Aside from this theorem of Kadison, there are only a few minor isolated results

concerning strictly irreducible »-representations of Banach »-algebras.    In this

paper we study strictly irreducible »-representations and certain positive func-

tionals associated with these representations which we call strictly pure states

(a positive functional   a on A   is a strictly pure state if  a is a pure state and the

»-representation of A   determined by  <x is strictly irreducible).   We give necessary

and sufficient conditions that a pure state of A   be strictly pure in  §2.   In §§3

and 4 some of the special properties of strictly pure  states and strictly irreduc-

ible representations are presented.   In §5 some examples of Banach »-algebras

with the property that every irreducible »-representation is strictly irreducible are

provided.

1.   Notation and preliminaries.   Throughout this paper A   denotes a Banach

»-algebra.   A linear functional   a on A  is positive if   a(a*a) > 0   for all a eA.

When  ex is a positive functional on A, let

Mia) = sup '
a(a*a)

a£ A,   a(a*a) 4 0
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The set of all positive functionals  a on A  with the properties   ctia*) = a(a)  for

all a £ A  and Al(a) < + oo,  we denote by 5*.   7 ,  is the set of all  a £7 with

Al(a) < 1.   Let A,   be the real linear space of hermitian elements of A.   7^   is a

convex subset of A,,   the dual space of A,,  and  7l   is compact in the weak *-to-

pology on Ah (see [4, Theorem (21.33), p. 328]).   The extreme points of 7^  are

called pure states.   For  a. £ 7,  the left kernel of  a, denoted  K  ,   is the set of

all a £ A  such that   a(a*a) = 0.    Ka  is a closed left ideal of A.   The quotient

space A - Ka   is  a pre-Hilbert space  in  the  inner-product   (a + Ka, b + Ka) =

a(b*a).    Let Ka denote the Hubert space which is the completion of this pre-

Hilbert space.   A *-representation  a —> tt J^a) oí A   on Ka is constructed by first

defining ir  ([a)(b + K a) = ab + Ka for b + Ka£ A - Ka   Then  n J.a)  is a bounded

operator on A - Ka  which extends uniquely to a bounded operator on ü a (also

denoted by  n ([a)).   For details of this construction see the proof of Theorem

(21.24) in [4].   It is a well-known theorem that  a. £7  is a pure state of A   if and

only if Al(a) = 1   and the  ^-representation 77    is irreducible on Ka [4, Theorem

(21.34), p. 32S].   We define   a e 7  to be a strictly pure state of A   if   a is a pure

state of A   and a —» 77a(a)  is strictly irreducible on K  .

When X  is a normed linear space with norm [j • ||   and Y   is a closed subspace

of X,  then the quotient norm  ||-|L on the quotient space  X - Y is defined as

usual by

||* + Y||g=inf¡l|*-y|||yeY!.

H is always a Hilbert space and JkK)  is the algebra of all bounded operators

on si.

2. Necessary and sufficient conditions for a pure slate to be strictly pure.

When   a £ 7, the quotient space A - Ka is an inner product space with inner product de-

fined by (a + Ka, b + Ka) = a(b*a).    Let  \a + K J 2 = (a + Ka,a + K^ =

a(a*a)   2.   We prove that a pure state   a of A   is strictly pure if and only ii A — K

is complete in the norm   \a + K  \    .

Theorem 2.1.  Assume that A   is a Banach *-algebra and that a is a pure state

of A.    Then   a is a strictly pure state of A   if and only if A — K    is complete in

the norm  \a + K\? = a(a*a) 2.   Also when  a. is a strictly pure state of A,   then

K     is a modular maximal left ideal of A.

Prool.   Assume first that   a is a strictly pure state of A.    By the construc-

tion of >ia, A - K    is an invariant subspace for irj.a! whenever a £ A.    Then

Ka= A - Ka,   so that A - Ka   is complete in the norm  \a + K J T

Conversely assume that A - Ka   is complete in this norm.   We prove first

that the two norms  | ■ |2  and  || -||     are equivalent on A - Ka.   By the Closed Graph

Theorem it suffices to prove that  II • 11     dominates   | • | T   This is exactly the same
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as proving that the identity map a + Ka —► a + Ka is a continuous map from

(A - Ka, || ■ ||  ) onto (A - K a, \ ■ | J.   Again using the Closed Graph Theorem, it

suffices to show that this map is closed.   Therefore assume that izz   } C A, a e A,

\\a    + Kj|    —♦ 0,   and  \(an - a) + Kj 2 ~*» 0.    Then there exists a sequence \kn\ C

K„ such that ||zz   + k  || —♦ 0.   Therefore  \\a*a   + a*k  Ii —♦ 0, and this implies
a "     n 7Z" " 72 72" r

a(a*a ) = a(a*a   + a*k ) —» 0.   But also   I <x(a*(a    - a))\ = |((a_ - a) + K„, a + K)\
n n n ' H " Ge a '

< \(an - a) + Ka\2\a + Ka\ 2 ~* 0.   Therefore  a(a*a) = 0,   so that a + Ka = 0.

Now define a functional   a   on the Hilbert space Ha= A - Ka by   a(zj + Kj =

a(a).   Since /Ca is contained in the null space of a,  a is well defined.   Also,

I |aU)|2
|| a|| ¿ = sup ' e A,  a(a*a) 4. 0> = M(a) = 1

a(a*a)

Since A - Ka is a Hilbert space, there exists v e A   such that  <Áa + Kj =

(a + K a, v + Kj = a(v*a) fot all a e A.   Therefore  a(a) = a(v*a) fot all a £ A.

Given any a e A,

a((a(l - v))*(a(l - v))) = a(a*a(l - v)) - a(v*a*a(l - v)) = 0.

Therefore All - v) C Ka,   so that  Ka is a modular left ideal.   Let  K be a maximal

left ideal of A  such that KaC K.   Set M = !¿i + Kj z3 e Kj.   M is a proper zr^invar-

iant subspace of Ha= A  - Ka.    Furthermore  M  is || • ||   -closed.   Therefore by the

result of the previous paragraph,  M  is   | • | 2-closed.   It follows that  Ka= K.   Then

since  Kais a maximal modular left ideal of A,   z7a(A)  acts strictly irreducibly on

Every Banach »-algebra A   has an algebra pseudonorm called the Gelfand-

Naimark pseudonorm.   We denote this pseudonorm by  \a\, a e A.    This pseudonorm

has the properties:

(1) |fl*zz| = |zz|2  for all a e A.

(2) \a(a)\ <M(a)\a\  whenever  aef, a £ A.

(3) The »-radical of A  is the set of all a £ A   such that |zü| = 0.   See [8, p.

226]   for the details of these results .   We prove next that a pure state   a of A   is

strictly pure if and only if  |zj + K\    = inf \\a + k\ \ k £ Ka\ is a complete norm on

A - K .
a

Theorem 2.2. Let \ ■ \ denote the Gelfand-Naimark pseudonorm on A. Then

a pure state a of A is strictly pure if and only if \a + K\ is a complete norm

on A - Ka.

Proof.   For convenience we assume in the proof that A   is reduced (i.e. the

»-radical of A   is  0).   This assumption can be made with no loss of generality.

In this case  | • |   is a norm on  A   with the B*-property by (1) and (3) above.   Let

B  denote the  B*-algebra which is the completion of A  in the norm  | • |.   Let  a.
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be a pure state of A.   By (2) above  a is  | • |-continuous.   Therefore  a has a

unique extension  a to B.   It is easy to verify that a is a pure state of B.

Now assume that  a is a strictly pure state of A.   Let cl(Ka) denote the

| • |-closure of K   in B.   If cl(KA 4 K^,   then by [8, Theorem (4.9-8), p. 251]

there exists a pure state ß oí B  with cl(Ka) C K^ and  a 4 ß-   Let ß be the

restriction of ß to A.   K^CK«  and therefore  Ka = /Co.   By a result we prove in

the next section, Theorem 3.2, it follows that   <X = ß.   But then   a. = ß,  a con-

tradiction.   Therefore  cl(Ka) =K^' BY Kadison's theorem  a   is a strictly pure

state of B.   Then as noted in Theorem 2.1 there exists M > 0  such that

Ma(b*b)^ > | b + K^ |       for all b £ B.

Also using (2) above we have, lot a £ A,   k £ K ,

|a+ KJ2= a.((a+ k)*(a+ k))y* < \(a + k)*(a + k)\*A = \a + k\.

Therefore  \a + K\.<\a + K„\   .   Then for all a £ A,

M\a+ Ka\2=Ma(a*a)yi>\a+ K~\q = \a + Ka\g> \a + Kj2-

The norm \a + Kj 2 is complete on A - Ka by Theorem 2.1.   Therefore  \a + K\

is a complete norm on A - Ka.

Conversely assume that \a + Kj     is a complete norm on A - Ka.   Given

b £ K^,   choose {b   \ C A   such that  \b   - b\ -* 0.   Then  \(b   -b   ) + K I    -» 0
a n '   n ' '     n m a> q

as 72, ?72 —> + oo.   Therefore there exists a £ A  such that  \(b   — a) + K\    —» 0.

Choose {k  \ C 7C   such that |7>   -a + k | —» 0.   Then  \b - a + k  \ —» 0,  so that
72 CL '77 7Z1 'V.

b - a £ cl(Ka).   It follows that a*¿> - a*£Z e cl(Ka),  and therefore that   a(a*b - a*a)

= 0.   But  a(a*7>) = 0,  since b£K^.   Then  a(«*a) = 0,  so that a £ K.   Therefore
a a

b £ cl(Ka).   We have now shown that 7C, = cl(Xa).   We have \a + Ka\ q > \a + Ka\ 2

fot all a £ A  just as before.   By Kadison's  theorem   a   is a strictly pure state of

B.   Then by Theorem 2.1  there exists 772 > 0  such that \b + K_L > m\b + K^\

for all  b £ B.    Therefore for all a £ A,

\a+K   I    >\a+K   I    = I a + K-J , > m\a + K~ I    =m\a+K\   .

It follows that  \a + Kj, is a complete norm on A - K_,  and therefore  a is

strictly pure by Theorem 2.1.

3. Results concerning strictly pure states and strictly irreducible represen-

tations.   The relationship between a pure state and its left kernel has never been

fully explored in a general Banach *-algebra.   In fact to our knowledge none of

the following questions have been answered when A   is a Banach algebra with

hermitian involution.

Question 1.  If  a is a pure state of A,   is  Ka a maximal left ideal of A ?

Question 2. If a and ß ate pure states of A  and Ka = Ko,  does  a= /3?
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Question 3.  If a e j ,  Mia) = 1,  and Ka is a maximal left ideal of A,   is  a

a pure state of A ?

We add to this list another closely related question.

Question 4.  If a —► nia)  and a—>y{a)  ate two algebraically equivalent irreduc-

ible   »-representations of A  on respective Hilbert spaces, are n and y neces-

sarily unitarily equivalent?
»

The answer to all these questions is affirmative when A   is a  B -algebra.   In

this section we deal  with special cases of these questions.   To begin with,

Theorem 2.1 states that when  a   is a strictly pure state of A,   then Ka is a

modular maximal left ideal of A.   This answers Question 1 in the case when  a is

strictly pure.

Next we prove a result which easily settles Question 2 if a or  ß is

strictly pure.   Kadison proves in [6] that when  a is a pure state of a B -algebra,

then 71(a) = K   + Ka where 71(a) is the null space of  a.   We have the following

generalization.

Proposition 3.1.  // a is a strictly pure state of A,   then 71(a) = Ka+ K*a.

Proof.  Since Mia) = 1,  then  |a(a)| 2 < aia*a) fot all a e A.   Therefore KaC

yiia),  and it follows that Ka+ Kac TU a).   Now we prove the reverse inclusion.

By Theorem 2.1,  Ka is a modular left ideal of A.   Therefore there exists u e~ A

such that A(l - u) C Ka.   When a e 71(a),  then a* e 71(a),  and (u + Ka,a + Kj =

a(a*u) = a(a*u - a*) = 0.   Thus  u + Ka is orthogonal to a + Ka in A - Ka= Ka.

27 (A)  is a »-subalgebra of 3KKa)  which acts strictly irreducibly on K  .   Let  B

be the closure of 27 (A) in the operator norm.   By the transitivity theorem [3,

Théorème  (2.8.3)] there exists T e B,   T = T ,   such that   T(u + Kj = 0 and

T(a + K ) = a + K„.   Then there exists \v\ C A   such that v   = v*  fot all n and
a a zz n n

lwa(f„) - T| —» 0 where  | • |  denotes the operator norm.   Therefore  \vniu + /Ca)| 2

—» 0 and  |(iz a - a) + K„L —♦ 0.   Also v   = v A - u) + v u and v (l - zz) e K„
'     n a> 2 zz 72 zz zz a

for all 72.    Then   \v    + Kj 2 —» 0,  and finally   |a*v    + Kj 2 —» 0.   From the proof

of Theorem 2.1 it follows that  \\a*vn + K(j\q —> 0  and || (i2na - a) + Kj    —» 0.

Assume for the moment the  * is continuous on A.   There exists \k   \, \j  \ C Ka

such that ||a*jv   - k  || -» 0 and  ||(a - v a) - j R -♦ 0.   Then  ||a - (;'   + k*)\\ <

||w   a - Ai* || + ||(a - 12 a) - / J| —• 0.   Therefore in this case 71(a) = K   + K*.   In
72 72 72 72 a    ' a

the general case, let Pa be the kernel of the representation na.   A/Pa is a

semisimple Banach  »-algebra.   Note that  PaC KaC\ K¿   Define  a    on  a + Pae

A/Pa by Op (a + Pa) = a(a).   Then  aQ  is a strictly pure state of A/Pd    By

Johnson's theorem [5, Theorem 2] the involution on A/Pa is continuous.   There-

fore JUan) = KaQ + Kao by our previous argument.   Then when a e 71(a),  there

exists ízéj, !;n! C Ka such that  ||(a - ikn + j *)) + Pj    —♦ 0.   Then there exists
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{p  | C Pa such that   ||ö - (k   + p   + j*)\\ —► 0.   This proves the proposition.

We are now in a position to answer Question 2 affirmatively when   a. is

assumed to be a strictly pure state of A.

Theorem 3.2.   Let  a be a strictly pure state of A.    Assume that ß £7,

Miß) = 1,  and Ka= Kß.     Then  a = ß.

Proof.   Kß + K*ß C ÎK/3).   Therefore

gust

JÍ(a) = Ka+ K*a = Kß+ K*0C 7l(ß).

It follows that there is a scalar À > 0   such that  a = À ß.   Then  1 = Al(a) = ÀAl(/3)

= A.

The next theorem answers Question 4 in a special case.

Theorem 3.3.  Assume that K and a are Hilbert spaces,   and a —> nia) and

a —► y(a) are strictly irreducible * -representations of A  on K and K  respectively.

Then if 77 and y are algebraically equivalent, then  n and y are unitarily equiv-

alent.

Proof.   By hypothesis there exists a linear operator  V which maps Jv in a

one-to-one manner onto K with the property that V~    77(a) V - yia)  fot all a £ A.

Take ¿; £ K with  || cf || = 1,  and set  a(a) = (y(a) cf,cf) for a £ A.   By [8, Lemma

(4.5.8),  p. 217]  the representation  y is unitarily equivalent to  na on H       Also

Al(a) = || £11 2 = 1  by [4, Theorem (21.25), p. 323].   Then  a is a strictly pure state

of A  by [4, Theorem (21.34), p. 328].   Now set r¡ = V(£)/||V(£||.   Define  ß(a) =

(n(a) 7?, 77)  for all a £ A.    By the same argument as just applied to   a.,  ß  is a

strictly pure state of A,   and n „  is unitarily equivalent to 77.   Then

a£ KaOy(a)¿; = 0<^y(a)(V~1(r1)) = 0

<& V- l(7r(a)(rf)) = 0 •##■ 77(0)7? = 0 -^ a £ Kß.

Thus  Ka= Kß,    and it follows from Theorem 3. 2 that  a. = ß.   Then  77a = no,   so

that  77 and y  are unitarily equivalent.

To conclude this section we consider an answer to Question 3 when  A   has a

very special property.   We hypothesize that every maximal left ideal of A   is the

left kernel of a strictly pure state of A.   In this case assume that  a is as in

Question 3, that is,   acj,   Al(a) = 1,   and  Ka is a maximal left ideal of A.    By

the special hypothesis on A   there is a strictly pure state    ß  of A   such that

Kß = Ka    Then by Theorem 3.2,   a = ß.   We state this result as a proposition.

Proposition 3.4.  Assume that every maximal (modular) left ideal of A   is

the left kernel of a strictly pure state of A.    When  ae 7,  Al(a) = 1, and Ka is a

maximal (modular) left ideal of A, then  a is a strictly pure state of A.
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4.   Irreducible representations which are similar to »-representations.   Let

a —> nia) be a strictly irreducible representation (but not necessarily a »-represen-

tation) of A   on a Hilbert space K.   If zf £ K,   £4 0,   then a straightforward alge-

braic argument proves that  Ke = [a eA| n(a)£ = 0! is a modular maximal left ideal

of A.    We show in the next theorem that when  K c  is the left kernel of a strictly

pure state   a of A,  then  n is similar to a »-representation of A   on K.

Theorem 4.1.  Let a —»27(a) and K; be as above.   Assume that  a is a strictly

pure state of A  with  Ka= Kg.    Then there exists a ^-representation a —>pia) of

A   on K and a positive operator V e <a(}v such that, for all a £ A,

77(a) = V~lp(a)V.

Proof.   Since  27 is strictly irreducible,  a —»7z\a)çf is a linear map from A  onto

K.   We define a sesquilinear form  [■ , ■]  on H X K by

[ir(a)£ nib)£] = a(b*a),

a, b £ A.   Whenever c e Ka and d e A,   then   a(d*c) = 0.    This implies that  [• , •]

is well defined.

Next we prove that  [■, ■]  is a bounded form.    By a theorem of B. E. Johnson

[5, Theorem 1, p. 5371  rz is a continuous map of A  into £(K).   If k £ K¿,   a £ A,

lk(a)£|| = \\nia+k)t\\ < M| ||£|| ||« + A||.

Therefore for any a £ A,

d) HTW£»<lkH£flll«+M«-

Then by the Closed Graph Theorem there  exists  N > 0   such that, for all a £ A,

(2) ll«+K¿ll9<N|k(«)£||.

As shown in the proof of Theorem 2.1, the norms   I • I 2  and   || • ||     are equivalent

on A - Ka.   In particular there exists / > 0   such that  |a + Kj 2 < /||a + Ka||     for

all a £ A.    Therefore for all a, b £A,

(3) \a(b*a)\ = \(a+Ka, b + Ka)\ < J2\\a + Kjq\\ b + Kj| q.

Then combining (2) and (3) we have

\{n(a)t;, n(b)Ç]\ = \*(b*a)\ < J2\\a + KJ q\\b + K J q < J2N2\\nia)Ç\\\\nib)c;\\.

This proves that  [• , ■]  is bounded on KxK.

The form [•, •] is a symmetric, positive definite, bounded sesquilinear form

on KxK. Therefore there exists an operator U £ JiKK) such that U = U*, U > 0,

and [cfe, iff] = iU<fe, ife), when cfe,xfe £ K.
By (3), for all a£A,

(\a+Ka\2)2=a(a*a)<J2(\\a+Ka\\q)2.
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By the proof of Theorem 2.1 there exists  P > 0  such that, for all a £ A,

h+KJq<P\a+ Ka\r

Given a £ A,   set 0 = v(a)^.   Then by (1),

Set Al = ||t7|| ||<f||P.      Then

||0||2<A12(|a + KJ2)2= M2a(a*a) = M2[ifj, if/].

Therefore

HiAll 2 < A12[^, if/} = M2(l]if/,ifj)<M2\\Uifj\\\ifj\\.

Finally  || 0 || < Al21| Uip \\, and this proves that  U~ 1  £ 7(K).

Now set V = UVl. Then [0, xjj] = (Vtp, Vt» for all 0,0 e K. Let p(a) =

VÁa)V~ , a £ A. Given if/ y if/. e K, there exists 0j, 02 £ K and a y a2 £ A

such that

0¿ = Vcpi ' and    d). = niaJÇ,        7=1,2.

Then

(p(a)ifjv if/2) = (V7r(a)V-1Vcf>l, V0-,)

= [77(0)0^ 02] = [n(a)n(a^, 77(a2)tf]

= a(fl*(afli)) = a((a*a2)*fll)

= WaA¿¡, u(a*)n(a2)^} =[0r 7r(a*)02]

= (V0j, Vn(a*)é2) = (Vcpl, V7r(a*)V~ lVcp2) = (if/y p(a*)i¡,¿.

Therefore p(a*) = p(a)* for all a £ A  which completes the proof of the theorem.

Corollary 4.2. Assume that every modular maximal left ideal of A  is the

left kernel of a strictly pure state of A.   Let a —» 77(0)  be a strictly irreducible

representation of A  on a Fulbert space si.   Then there exists a * -re presentation

a —* p(a) of A  on si and a positive operator V £ Jo(K) such that, for all a £ A,

77(a) = V~1p(a)V.

5. Some examples.  When A   is B*-algebra, then A  has the following two

properties:

(I)   Every pure state of A   is strictly pure.

(II)   Every modular maximal left ideal of A   is the left kernel of a strictly

pure state of A.

Also when  G  is a compact topological group and  1 < p < + °°,  then
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A = LpiG) (or CÍG),  the continuous functions on G) has properties (I) and (II).

Here the multiplication is, as usual, convolution.   All the irreducible  »-representa-

tions of A   in this case are finite dimensional.   In this section we present two

examples of algebras which have properties (I) and (II), but which are not in gen-

eral B*-algebras, and which need not in general have any finite dimentional

»-representations.

Example 5.1.  Let A   be a Banach algebra which is also a dense   *-ideal in

a B*-algebra B.   Any full Hilbert algebra is a particular example of such  a Banach

algebra; see [l].

Assume that a —► nia) is an irreducible  »-representation of A  on a Hilbert

space K.   Then as shown in  [l, Proposition 4.1]  27 extends uniquely to a »-repre-

sentation b —»27(e) of B  on K.   Therefore by Kadison's theorem 27(B) acts

strictly irreducibly on K.   Since A   is a dense ideal of B,   77(A) = 27(A) is a non-

zero ideal in 27(B).   Given ç £ K,   27(A)ç is a 77(ß)-invariant subspace of K.

Therefore  nÍA)¿; = ¥.,   so that a —> 27(a)  is strictly irreducible on K.   It follows

that A   has property (I).

Now assume that M  is a modular maximal left ideal of A.   Then there exists

u e A  such that A(l - u) C M.   Let N = \b e B\ bu e Ml     N is a left ideal of B  and

M - N n A.    Furthermore if b e B,   b(l - u)u = bui\ - u) e M since bu e A.   There-

fore N is a proper modular left ideal of B.   By [8, Theorem (4.9.8), p. 25l]  there

exists  a a pure state of B  with N C Kà,.   Then M = K^<~\ A.   It follows that
—. a a

a, the restriction of a to A,  is a strictly pure state of A with Ka = M.   We have

shown that A   has property (II).

Example 5.2.   Assume that Í1  is a compact Hausdorff space and  B  is a B*-

algebra with identity e.   Let C(fi, B)  be the algebra of all continuous  B-valued

functions on Q.   Ci£l, B) is a B*-algebra with identity.   Assume that A  is a

Banach algebra which is a  »-subalgebra of C(il, B)  containing the identity.   We

also assume that  A bas the properties:

(1) Given co e fi and b e B,   there exists feA  such that ficA) = b.

(2) feA  is left invertible in A   if and only if /(&))  is invertible in  B   for all

co efi.

We mention a specific example of such an algebra A:   Let f2 be the interval

[O, 227J  with 0  and 2t7 identified and with the usual topology.    Let B  be any

B*-algebra with identity.   We define   A   to be the algebra of all functions of the

form

/-(*>=    £     ane^

n- — 00

where  t eQ  and \a   \ is any sequence in ß   such that S _ \a  II < + <».   When
n *    ,    ™ n = — 00  11   7711

f{t) = 27z+ = -~ «V''"',    let    11/11 = 2*~ _„ II«Jl-   The algebra A   is discussed by
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Bochner and Phillips in [2].   That A   has property (2) above is the assertion of

[2, Theorem 1, p. 409].   The rest of the required properties of A  ate easily veri-

fied.

Now assume that A is any Banach *-subalgebra of C(fi, ß) which contains

the identity and satisfies (1) and (2). When co £ fi and TV is a maximal left ideal

of ß,  we define

K(co, N) = {f£A\f(co)£N\.

It is not difficult to see that  K(co, N)  is a maximal left ideal of A.   We prove the

converse of this.   Assume that Al   is a maximal left ideal of A.    For any co £ il,

M(co) = {f(co) \f £ All  is a left ideal of B.   Suppose that Al(<y) = B   for all co £ fi.

Then for each co £ fi, we can choose a function g M £ M such that g ¿¿((A) = e.

Therefore there exists an open set  U,, in fi  such that co £ U    and e  (y)  is invert-ía CO OJ ° CO '

ible   in B   for all y £ U œ.  Then (g* g^iy) is invertible in B for all yei/^.

Choose a finite cover  U u   , • ■ • , LS œ    fot  fi.   Set   / = S" _    g*   gw   £ M.   When

h, £ B,   h, > 0,  1 < k < n,   and 7>. is invertible for some  /,   then  h, +• • • + h    is

invertible (this is easy to verify when the h.   ate positive operators on a Hubert

space, since the lower bound of the numerical range of the sum h .+■-■+ h    is

greater or equal to the lower bound of the numerical range of  b ■).   But then for all

y e fi,  f(y)  is invertible in  B.    By (2),  / is then invertible in A,  which contra-

dicts the fact that / e Al.    It follows that for some  co £ fi,  M(co)  is a proper left

ideal of B.   Then there exists a maximal left ideal of B  such that M(co) C TV.

Therefore  Al C K(co, ¿V),   so that Al = K(co, N)  by the assumption that Al  is maximal.

Given Al  a maximal left ideal of A, then as we have shown above  Al = K(co, /V)

for some co £ fi  and some maximal left ideal  A7  of B.    Choose ß  a pure state of

B  suchthat Kß = N.   Define  a on A  by  a(/) = ß(f(co)), f £ A.   Then Ka =

K(co, TV) = Al.    It is easy to verify that the norm   \f + Ka\ 2 = ail *f)     is a complete

norm on A - Ka.   Therefore  a is a strictly pure state of A.   This proves that A

has property (II).

Now assume that a is a pure state of A.   Then by [3, Lemma 2.10.1, p. 50]

a has an extension to a pure state  ß  of C(fi, ß).   By [7, Corollary, p. 337] there

exists a point co £ fi  and a maximal left ideal  N  of B   such that  Kß= {f £ C(fi, ß)|

f(co) £ N\-   Therefore Ka= Kß O A = K(co, N).   It follows that a is a strictly pure

state of A   by Proposition 3.4.   Therefore A   has property (I).
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